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TRAJECTORY-PLANNING ATTITUDE CONTROL SYSTEM FOR
SATELLITES WITH MAGNETIC ATTITUDE CONTROL AND ONE

REACTION WHEEL

Patrick McKeen*, Alex Meredith†, and Kerri Cahoy‡

Selecting attitude actuators for spacecraft in low earth orbit (LEO) often involves
a trade between reaction wheels and magnetorquers. Reaction wheels generally
have higher size, weight and power as well as cost, compared with magnetor-
quers, but have performance advantages. We consider a hybrid system relying on
a single reaction wheel and three magnetorquers, using a trajectory planning con-
trol method that focuses on meeting pointing goals and minimizing the need to
desaturate the reaction wheel. The use of planning allows for intelligent use of the
reaction wheel and accommodates time-changing goals and orbit-varying mag-
netic fields. Preliminary results show trajectories with fractional-degree-accuracy,
as well as management of reaction wheel momentum and avoidance of stiction.
We also compare to a magnetorquer-only planning-based control system and show
better convergence and faster slews.

INTRODUCTION

Attitude control is a critical spacecraft capability. Early satellites often relied on methods such as
spin-stabilization, gravity gradient control, or permanent magnetic control to control attitude.1, 2 As
space technology has developed, active control has become more common, typically using thrusters,
reaction wheels, or control moment gyroscopes. These control systems have all been flown func-
tionally on many missions, but typically come with a trade-off in terms of size, weight, power, and
cost (SWaP-C). In recent years, the rise of CubeSats has fueled increasing demand for innovative
attitude control systems with low SWaP-C. This has led to interest in magnetic control systems,
which have been used on satellites for decades, but rarely as primary control. Magnetic control sys-
tems have a specific limitation in that they are underactuated and can only be used in orbit around
planetary bodies with magnetic fields. Magnetorquers cannot torque around the local magnetic field
line, but their advantages are numerous: they cost less, do not require fuel, do not saturate as reac-
tion wheels or control moment gyroscopes can, do not create vibration as spinning wheels do, and
are more resistant to failure (due to lack of moving parts). They also tend to be small in size and
weight, and use no power when not actuating. These advantages have spurred interest in how their
underactuation can be addressed or overcome.

Magnetic control has been used on a variety of satellites, including several which primarily or
exclusively used magnetic control: the TANGO satellite in the PRISMA mission,3, 4 the GOCE
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spacecraft5 and the Øersted satellite.6–8 In addition to these magnetically-controlled missions, many
potential magnetic controllers have been proposed and described in literature. A good (and regularly
updated) survey can be found in Ovchinnikov & Roldugin.9 However, many of these algorithms are
limited. Many use external torques, such as gravity gradient or solar radiation pressure, to stabilize
the satellite.10–14 Most of these methods require a specific satellite geometry or apply to specific
orbits or pointing goals. Even those that do not15 are based on orbit-average magnetic fields and
thus can take a long time to stabilize. Other methods effectively use Lyapunov or Proportional-
Derivative (PD) control, adapted for the underactuation limitation. Lovera and Astolfi proposed
a locally exponentially stable magnetic control law that projects the planned control torque onto
the plane of available torque.16 Other methods have been shown to be robust to uncertainty; these
can be effective, but can also take a long time to complete a slew or adapt to changing conditions
and goals.17 Another common method is to use a sliding mode. Several sliding-mode magnetic
controllers have been proposed, including versions demonstrated on both the TANGO and Øersted
spacecraft.3, 18–21

Many of these approaches are elegant and successful, but advances in the field of robotics have
created trajectory-optimization algorithms that can find and generate orientation trajectories that
match goals, even in the underactuated case.22–24 The approach most relevant to this paper is the
one proposed by Gatherer and Manchester,25 which applies trajectory optimization techniques from
robotics to the problem of controlling magnetorquer-only satellites. In particular, Gatherer and
Manchester showed that ALTRO,26–28 a trajectory optimization algorithm based on an augmented
Lagrangian version of an iterative linear quadratic regulator (iLQR), can plan 180◦ slews for a 3U
satellite in an arbitrary low Earth orbit that take place in less than ten minutes. This use of explicit
trajectory optimization is implemented on the BeaverCube-1 (BC) Mission, a 3U satellite developed
by the Space Telecommunications, Astronomy, and Radiation (STAR) Lab at MIT, which launched
in July 2022, and plans to test this method on-orbit.29 Specifically, this method was used because it
has the potential to deliberately plan around and counter disturbance torques (such as from propul-
sion).

While there are many interesting approaches to magnetic-only control, the development process
of BC showed that there are fundamental limitations to magnetic control, due to underactuation and
low torque, that render responsive and immediate 3-axis control difficult. This inspired the investi-
gation of adding a single reaction wheel to a satellite. In this paper, we use an adapted version of
ALTRO developed for BeaverCube-1 for trajectory planning, and extend this version of ALTRO to
plan slews for a satellite with three magnetorquers and a single reaction wheel (1RW). We demon-
strate that ALTRO can plan single-target slews for a 1RW satellite with sub-degree precision in the
vast majority of cases, and can plan multi-target slews for a 1RW satellite with sub-degree precision
in a significant fraction of cases, all while limiting angular momentum build-up. This represents a
great improvement over the capabilities of magnetorquer-only satellites.

BACKGROUND

In this paper, we use the Hamilton convention for the unit attitude quaternion,30 such that if the
rotation from the body-fixed satellite frame to the global ECI frame is given by a rotation of θ
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radians about an axis given by the unit vector [x y z]T , the unit attitude quaternion q is as follows:qwqxqy
qz

 =


cos( θ2)
x sin( θ2)
y sin( θ2)
z sin( θ2)

 (1)

The kinematics of the unit attitude quaternion q are given by:

q̇ =
1

2
W (q)ω =

1

2

−qx −qy −qz
qw −qz qy
qz qw −qx
−qy qx qw

ω (2)

and the rotation matrix that transforms a vector in the body-fixed satellite frame to the equivalent
vector in the global ECI frame is given by31

rot(q) =

q2w + q2x − q2y − q2z 2 (qxqy − qwqz) 2 (qxqz + qwqy)
2 (qxqy + qwqz) q2w − q2x + q2y − q2z 2 (qyqz − qwqx)
2 (qxqz − qwqy) 2 (qyqz + qwqx) q2w − q2x − q2y + q2z

 (3)

Satellite Dynamics

For a magnetorquer-only satellite with an inertia tensor J , the angular velocity, given by ω, can
be modeled using Euler’s equation subject to an input torque τ :

ω̇ = J−1(τ − ω × Jω) (4)

It follows that the dynamics of the magnetorquer-only satellite, with B representing the direction
local magnetic field, u representing the input dipole of the magnetorquers, and W (q) given in
equation 2, are:

ẋ = f(x, u) =

[
ω̇
q̇

]
=

[
J−1(u× rot(q)TBECI − ω × Jω)

1
2W (q)ω

]
(5)

For the 1RW satellite, we augmented the state vector with the reaction wheel momentum H , and
the dynamics are given by the following equation, where Jbody is the inertia tensor of the satellite
body excluding the reaction wheel, JRW is the inertia tensor of the reaction wheel, J is the inertia
tensor of the satellite including the reaction wheel, and [0 1 0]T is the axis of rotation of the reaction
wheel:

ẋ = f(x, u) =

 ω̇
q̇
Ḣ

 =


J−1
body(u× rot(q)TBECI − ω × Jω)

1
2W (q)ω

−uRW − diag(JRW )

01
0

 ω̇

 (6)

Equation 6 can be rewritten to eliminate ω̇ from the right side of the equation:

ẋ = f(x, u) =

 ω̇
q̇
Ḣ

 =


J−1
body(u× rot(q)TBECI − ω × Jω)

1
2W (q)ω

−uRW − diag(JRW )

01
0

(
J−1
body(u× rot(q)TBECI − ω × Jω)

)


(7)
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APPROACH

The major contribution of this paper is reformulating the trajectory optimization approach pro-
posed for magnetorquer-only control by Gatherer and Manchester32 to apply to satellites with three
magnetorquers and a single reaction wheel by leveraging the dynamics from Equation 7 and the
reaction wheel-specific cost function augmentation described in Equations 12 and 13. The com-
bination of a single reaction wheel and trajectory optimization is highly effective and significantly
improves upon the pointing accuracy of both magnetorquer-only control with trajectory optimiza-
tion and attitude control of single reaction wheel systems using traditional approaches like PID
control.

Trajectory Optimization

Given the satellite dynamics given in Equations 5 and 7, we formulated the trajectory optimization
problem as follows, with ℓ(xt, ut) representing the step cost at step t, ℓf (xN ) representing the final
cost, and g(xt, ut, Bt) representing the forwards integration of the dynamics function f(xt, ut, Bt)
using the 4th order Runge-Kutta 4 (RK4) method for numerical integration.

minimize
xt,ut

ℓf (xN ) + ΣN−1
t=0 ℓ(xt, ut)

subject to xt+1 = g(xt, ut, Bt)

x0 = xinit

with t ∈ {0, 1, ..., N − 1}

(8)

Our cost function is broken down into four subcosts: state cost (ℓx), actuation cost (ℓu), angular
momentum cost (ℓH ), and stiction cost (ℓs). The state cost is based on the cost function proposed
for magnetorquer-only satellites by Gatherer and Manchester,25 with an additional term (cqω) that
provides directional angular velocity damping–increasing cost when the angular velocity is such
that the pointing error increases, decreasing cost when the error is decreasing, and zero if it is
perpendicular.

ℓx(xt, qgoal, cω, cq, cqω) =
1

2
ωT
t ωtcω + (1− |qgoal · qt|)cq − sign(qgoal · qt)qgoalW (qt)ωcqω (9)

Additionally, we have a control cost, which weights the use of the magnetorquers and the reaction
wheel torque. Equation 10 gives this cost – which is equivalent to uTRu, the quadratic control cost
used in linear quadratic regulator (LQR) control, if R = 1

2diag([cMTQ cRW ]T )cu.

ℓu(ut, cMTQ, cRW , cu) =
1

2
uTt diag([cMTQ cRW ]T )utcu (10)

Finally, there are two additional costs relevant to reaction wheels that are used in the 1RW case. We
need to avoid cases where the reaction wheels saturate and where “stiction” may occur. When run,
the optimization problem has constraints keeping the RW angular momentum beneath its maximum
momentum, but we also incur a cost as it gets closer to the angular momentum boundaries–this is to
prevent an operational situation where the satellite is trying to fly a trajectory which includes max-
imized angular momentum in one direction, leaving the satellite unable to correct for disturbances
in that direction. However, we do not want to penalize having angular momentum, so we use a
modified quadratic cost. One form of this could be

ℓH(xt, cH1 , cH2) =
1

2
cH1 (max (0, |H| − cH2))

2 , (11)
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where cH1 is the weighting of the cost and cH2 is a threshold–when the magnitude of the angular
momentum is less than this threshold (when the momentum is either positive or negative), there is
no penalty. But once the angular momentum’s magnitude passes that threshold (perhaps 2

3 of the
maximum), there is a quadratic cost. However, the use of the max function can present issues for the
optimization algorithm, as the derivative is not continuous and there is a large flat “deadzone.” To
address these issues, the “softplus” function is used, which approximates the max function continu-
ously and is sometimes used as an activation function in deep neural networks because its derivative
is relatively smooth.33 Thus, adding cH3 as a normalization parameter, the angular momentum cost
is:

ℓH(xt, cH1 , cH2 , cH3) =
1

2
cH1

(
log(1 + exp((|H| − cH2)cH3)

cH3

)2

(12)

The other reaction wheel cost is a cost to prevent “stiction.” Avoiding saturation in reaction
wheels is important, limiting how fast they can spin and how much momentum they can store.
But there is also the case where the reaction wheel can spin too slowly. Specifically, if a reaction
wheel stops or spins too slowly for too long, there is the risk of it sticking due to friction and internal
dynamics. This effect is called “stiction” and can prevent a reaction wheel from starting up again. To
deal with this (while preventing the issues with non-continuous functions as previously mentioned),
we use a small cost based on the “smoothstep” function and weighted by cs1 which increases cost
if the angular momentum is below a threshold (cs2). Specifically, we use

ℓs(xt, cs1 , cs2) =
1

2
cs1

(
smoothstep

(
cs2 − |H|

cs2

)
cs2

)2

(13)

where smoothstep(x) is a smoothed step function:

smoothstep(x) =


0 x ≤ 0

3x2 − 2x2 0 < x < 1

1 x ≥ 1

(14)

It should be noted that this cost should be kept low, as it should not be a barrier that prevents the
reaction wheel from crossing past zero angular momentum when necessary.

The step cost functions for the magnetorquer-only satellite are:

ℓ(xt, ut, qgoal) = ℓx(xt, qgoal) + ℓu(ut) (15)

ℓf (xt, qgoal) = ℓx(xt, qgoal) (16)

and the step costs for the single-reaction-wheel satellite are:

ℓ(xt, ut, qgoal) = ℓx(xt, qgoal) + ℓu(ut) + ℓH(xt) + ℓs(xt) (17)

ℓf (xt, qgoal) = ℓx(xt, qgoal) + ℓH(xt) + ℓs(xt) (18)

We solve the trajectory optimization problem given in Equation 8 using our own implementation
of ALTRO.34 Among other modifications, we ported ALTRO from Julia to C++, calculated the
dynamics and cost Jacobians analytically rather than using autodifferentiation, and eliminated the
projection phase of ALTRO to speed up the solver and improve usability on embedded hardware on
CubeSats.
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SIMULATION RESULTS

Using the mathematical formulation outlined above, we evaluated the performance of trajectory
optimization for our magnetorquer-only and 1RW systems. The properties of the simulated satel-
lites are given in Table 1.

Table 1. Satellite properties (reaction wheel properties below the dashed line).
Property Value

Satellite Jxx (kg m2) 0.005256
Satellite Jyy = Jzz (kg m2) 0.04939

Maximum magnetic moment (x) (Am2) 0.19
Maximum reaction wheel torque (Nm) 0.0002

Momentum storage (Nms) 0.002
Reaction wheel moment of inertia (kg m2) 2e-6

Reaction wheel rotation axis [0 1 0]T

As in Manchester & Gatherer,25 we evaluated the performance of our trajectory planner by planning
slews from q = [0 0 1 0]T to q = [0 1 0 0]T . We also evaluated the performance of our trajectory
planner in two other cases: a reduced-attitude goal slew that aims to align the satellite body x-axis
with a ground target in the Earth-centered inertial coordinate frame, and a multiple target trajectory
that aims to align the satellite body x-axis with a sequence of different ground targets in the Earth-
centered inertial coordinate frame.

For all three cases, we initialized the satellite orbital position randomly along a circular ISS orbit
(51.5◦ inclination) with 429 km altitude, and initialized the satellite angular velocity and reaction
wheel stored momentum to zero. In the cases for the Reduced Attitude Goals and Multiple Tar-
gets, we applied a 20 degree keep-out zone around the sun, to retain realistic constraints that are
applicable even in reduced-attitude approaches.

Simple 180◦ Slew

We performed a 100-trial Monte Carlo simulation over the randomized initial orbital conditions
in order to analyze the final attitude error – the angle between the final attitude quaternion from the
closed-loop simulation and [0 1 0 0]T .

We show the final attitude error for 100 trials of planning and executing 180◦ slews for a magnetorquer-
only satellite and visualize the final attitude error over time for all 100 trials in Figure 1. In some
cases, the trajectory planning algorithm converges to a poor trajectory, resulting in rapid spins and
final attitude error on the order of tens of degrees. Overall, the final attitude error has a mean of
10.21 degrees, a median of 4.20 degrees, and a standard deviation of 20.21 degrees.

For the 1RW satellite, we show the final attitude error for 100 trials of planning and executing 180◦

slews and visualize attitude error over time for all 100 trials in Figure 2. As with the magnetorquer-
only satellite, sometimes the trajectory planning algorithm converges to a suboptimal trajectory,
but for the 1RW satellite, this results in final pointing errors between 1 and 10 degrees. The 1RW
slews have a lower mean (0.11 degrees) and median (1.2e-4 degrees) final attitude error than the
magnetorquer-only slews, and, crucially, have a lower variance. The standard deviation of final at-
titude error for the 1RW slews is just 0.31 degrees.

6



Figure 1. Results of 100-trial Monte Carlo simulation for planning 180◦ slews for a
magnetorquer-only satellite. Left: Final attitude error for all trials. Right: Visualiza-
tion of attitude error over time for all trials.

Figure 2. Results of 100-trial Monte Carlo simulation for planning 180◦ slews for a
1RW satellite. Left: Final attitude error for all trials. Right: Visualization of attitude
error over time for all trials.
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In Figure 3 we show the planned quaternion attitude over time for a “good convergence” case and
for a “bad convergence” case with high final attitude error, both for a magnetorquer-only satellite.
The planned attitude in the “bad” convergence case shown in Figure 3 shows oscillation that never
approaches the target. This drift is characteristic of the planned magnetorquer-only trajectories that
result in more than 10◦ degrees of final attitude error.

Figure 3. Two planned slews for a magnetorquer-only satellite. Left: “Good conver-
gence” case, demonstrating a slew to target. Right: “Bad convergence” case, showing
noisy oscillation in attitude and no convergence to the target.

For the 1RW satellite, the planned quaternion attitude over time for a “good” and “bad” conver-
gence case is shown in Figure 4. The “bad convergence” case shown here, like the one shown in
Figure 3, slowly approaches the target, but in this case oscillates towards the goal, ultimately achiev-
ing less than 2◦ of final attitude error, which would still be acceptable for many CubeSat missions.
In all 100 trials, the 1RW satellite had less than 2◦ of final attitude error.

Figure 4. Two planned slews for a 1RW satellite. Left: “Good convergence” case,
demonstrating a direct slew to target. Right: “Bad convergence” case, demonstrating
a slow oscillation towards the target.

We show the final angular momentum of the reaction wheel for 100 trials of planning and exe-
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cuting 180◦ slews for a 1RW satellite in Figure 5. Notably, the maximum final angular momentum
is 1.9e-3 Nms, or 95% of the reaction wheel momentum storage, and as such, the reaction wheel is
never fully saturated at the end of the trajectory. The mean final angular momentum is 4.2e-4 Nms,
the median final angular momentum is 2.0e-5 Nms, and the standard deviation of the final angular
momentum is 5.3e-4 Nms.

Figure 5. Results of 100-trial Monte Carlo simulation for planning 180◦ slews for a
1RW satellite: final RW stored angular momentum for all trials.

Reduced Attitude Goal Slews

For the reduced attitude goal slew, we planned slews to align the satellite body x-axis with
[cos(10◦), 0, sin(10◦)]T in the Earth-centered inertial (ECI) frame. Notably, the reduced attitude
goals have a simplified aim: to align a specific satellite body axis with a target vector in the ECI
coordinate frame. As such, they do not specify a full three-dimensional target orientation. Given an
orientation with body x-axis aligned with the target, any rotation around the body x-axis yields an-
other valid orientation. (The equations describing the set of quaternions which meet this goal can be
succinctly described.35) In comparison, the simple 180◦ slews specify a single valid target-pointing
orientation. Due to the larger set of possibilities, the magnetorquer-only and 1RW trajectories should
both achieve lower pointing error on the reduced attitude goal slew than the simple 180◦ slew.

As for the simple 180◦ slews, we performed a 100-trial Monte Carlo simulation over the randomized
initial orbital conditions in order to analyze the final attitude error – the angle between the satellite
body x-axis and [cos(10◦), 0, sin(10◦)]T in the ECI frame at the end of the trajectory.

We show the final attitude error for 100 trials of planning and executing reduced attitude goal slews
for a magnetorquer-only satellite and visualize the final attitude error over time for all 100 trials in
Figure 6. In some cases, the trajectory planning algorithm converges to a poor trajectory, resulting
in rapid spins and final attitude error on the order of tens of degrees. Overall, the final attitude error
has a mean of 16.16 degrees, a median of 0.04 degrees, and a standard deviation of 34.99 degrees.

For the 1RW satellite, we show the final attitude error for 100 trials of planning and executing
reduced attitude goal slews and visualize attitude error over time for all 100 trials in Figure 7. As
with the magnetorquer-only satellite, sometimes the trajectory planning algorithm converges to a
suboptimal trajectory, but for the 1RW satellite, this results in final pointing errors between 1 and
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Figure 6. Results of 100-trial Monte Carlo simulation for planning reduced attitude
goal slews for a magnetorquer-only satellite. Left: Final attitude error for all trials.
Right: Visualization of attitude error over time for all trials.

10 degrees. The 1RW slews have a lower mean (0.16 degrees) and median (2.6e-3 degrees) final
attitude error than the magnetorquer-only slews, and, crucially, have a lower variance. The standard
deviation of final attitude error for the 1RW slews is just 0.55 degrees.

Figure 7. Results of 100-trial Monte Carlo simulation for planning reduced attitude
goal slews for a 1RW satellite. Left: Final attitude error for all trials. Right: Visual-
ization of attitude error over time for all trials.

In Figure 8 we show the planned quaternion attitude over time for a “good convergence” case and
for a “bad convergence” case with high final attitude error, both for a magnetorquer-only satellite.
The planned attitude in the “bad” convergence case shown in Figure 8 shows oscillation that slows
but never approaches the target. This drift is characteristic of the planned magnetorquer-only trajec-
tories that result in more than 10◦ degrees of final attitude error.

For the 1RW satellite, the planned quaternion attitude over time for a “good” and “bad” conver-
gence case is shown in Figure 9. The “bad convergence” case shown here, like the one shown in
Figure 8, oscillates, but in this case oscillates around the goal, ultimately achieving less than 5◦ of
final attitude error, which would still be acceptable for many CubeSat missions. In all 100 trials, the
1RW satellite had less than 5◦ of final attitude error.
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Figure 8. Two planned slews for a magnetorquer-only satellite. Left: “Good conver-
gence” case, demonstrating a slew to target. Right: “Bad convergence” case, showing
noisy oscillation in attitude and no convergence to the target.

Figure 9. Two planned slews for a 1RW satellite. Left: “Good convergence” case,
demonstrating a direct slew to target. Right: “Bad convergence” case, demonstrating
a slow oscillation around the target.
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We show the final angular momentum of the reaction wheel for 100 trials of planning and exe-
cuting 180◦ slews for a 1RW satellite in Figure 10. Notably, the maximum final angular momentum
is 1.6e-3 Nms, or 80% of the reaction wheel momentum storage, and as such, the reaction wheel is
never fully saturated at the end of the trajectory. The mean final angular momentum is 5.9e-4 Nms,
the median final angular momentum is 5.0e-4 Nms, and the standard deviation of the final angular
momentum is 4.1e-4 Nms.

Figure 10. Results of 100-trial Monte Carlo simulation for planning reduced attitude
goal slews for a 1RW satellite: final RW stored angular momentum for all trials.

Multiple Targets Slew

For the multiple target trajectory, we planned slews to align the satellite body x-axis with [cos(10◦), 0, sin(10◦)]T

in the Earth-centered inertial (ECI) frame for the first 170 seconds of the slew, with [cos(−10◦), 0, sin(−10◦)]T

in the ECI frame from 200 to 420 seconds, and with [cos(10◦), 0, sin(10◦)]T in the ECI frame from
450 to 500 seconds. During the multiple target trajectories, the cost function does not penalize de-
viation from the target quaternion from 170 to 200 seconds and from 420 to 450 seconds – these
periods are intended to be for transitioning between targets, not for target tracking. During this “free
time,” the planner does not consider the pointing score, so that the period can be used for motions
that transition to the next goal. Additionally, like the reduced attitude goal slews, the multiple target
trajectories seek only to align a single satellite body axis with an ECI target, and do not fully specify
a required satellite orientation. As for the simple 180◦ slews, we performed a 100-trial Monte Carlo
simulation over the randomized initial orbital conditions in order to analyze the final attitude error –
the angle between the satellite body x-axis and [cos(10◦), 0, sin(10◦)]T in the ECI frame at the end
of the trajectory.

We show the final attitude error for 100 trials of planning and executing multiple target trajecto-
ries for a magnetorquer-only satellite and visualize the final attitude error over time for all 100 trials
in Figure 11. In some cases, the trajectory planning algorithm converges to a poor trajectory, result-
ing in rapid spins and final attitude error on the order of tens of degrees. Overall, the final attitude
error has a mean of 5.70 degrees, a median of 0.22 degrees, and a standard deviation of 21.27 de-
grees. The attitude error at the end of the period pointing at the second target has a mean of 9.02
degrees, a median of 4.77 degrees, and a standard deviation of 14.45 degrees. The attitude error
at the end of the period pointing at the first target has a mean of 19.40 degrees, a median of 18.59
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degrees, and a standard deviation of 11.38 degrees.

Figure 11. Results of 100-trial Monte Carlo simulation for planning multiple target
trajectories for a magnetorquer-only satellite. Left: Final attitude error for all trials.
Right: Visualization of attitude error over time for all trials.

For the 1RW satellite, we show the final attitude error for 100 trials of planning and executing
reduced attitude goal slews and visualize attitude error over time for all 100 trials in Figure 12. As
with the magnetorquer-only satellite, sometimes the trajectory planning algorithm converges to a
suboptimal trajectory, but for the 1RW satellite, this usually results in final pointing errors between
1 and 10 degrees. The 1RW slews have a lower mean (0.45 degrees) and median (0.03 degrees)
final attitude error than the magnetorquer-only slews, and, crucially, have a lower variance. The
standard deviation of final attitude error for the 1RW slews is just 1.77 degrees. At the end of the
period pointing at the second target, the pointing error has a mean of 1.53 degrees, a median of 0.78
degrees, and a standard deviation of 2.11 degrees. At the end of the period pointing at the first target,
the pointing error has a mean of 2.22 degrees, a median of 1.60 degrees, and a standard deviation of
2.37 degrees.

Figure 12. Results of 100-trial Monte Carlo simulation for planning multiple target
trajectories for a 1RW satellite. Left: Final attitude error for all trials. Right: Visual-
ization of attitude error over time for all trials.

In Figure 13 we show the planned quaternion attitude over time for a “good convergence” case and
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for a “bad convergence” case with high final attitude error, both for a magnetorquer-only satellite.
The planned attitude in the “bad” convergence case shown in Figure 13 shows oscillation that slows
but never approaches the target. This oscillation is characteristic of the planned magnetorquer-only
trajectories that result in more than 10◦ degrees of final attitude error. Even in the “good conver-
gence” case, the magnetorquer-only satellite only achieves approximate convergence to each target,
and is not stationary during any of the three imaging periods.

Figure 13. Two planned slews for a magnetorquer-only satellite. Left: “Good con-
vergence” case, demonstrating a slew to multiple targets. Right: “Bad convergence”
case, showing noisy oscillation in attitude and no convergence to the target.

For the 1RW satellite, the planned quaternion attitude over time for a “good” and “bad” conver-
gence case is shown in Figure 14. The “bad convergence” case shown here roughly converges to
each target, but still is not stationary during any of the three imaging periods. In this case, the 1RW
satellite ultimately achieves less than 15◦ of final attitude error, which would still be acceptable for
many CubeSat missions. In all 100 trials, the 1RW satellite had less than 15◦ of final attitude error.

Figure 14. Two planned slews for a 1RW satellite. Left: “Good convergence” case,
demonstrating a slew to multiple targets. Right: “Bad convergence” case, demon-
strating only approximate convergence to the target.
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ANALYSIS

Simple 180◦ Slew

For the simple 180◦ slews, the median final attitude error for the 1RW satellite in our Monte
Carlo simulation is 5.3e-4 degrees, several orders of magnitude lower than the median error of 4.20
degrees for the magnetorquer-only satellite. As we expected, adding a single reaction wheel to a
satellite, which allows torque around the magnetic field line in most orientations, can drastically
improve pointing performance.

Although the algorithm found 1RW trajectories with sub-degree pointing precision in only 96%
of all trials, it achieved pointing precision better than 10 degrees in all trials. For most CubeSat
missions, this pointing performance is acceptable. For those missions with sub-degree pointing re-
quirements, our extension of ALTRO is fast enough that if a slew is not time-critical, a 1RW satellite
could replan and attempt to slew again if the first plan results in more than one degree of final at-
titude error. Furthermore, all simulated attitude trajectories for the 1RW satellite result in 95% or
less of the reaction wheel momentum storage being used – the reaction wheel never saturates, and
in many cases stored angular momentum is driven close to zero by the end of the trajectory.

For the magnetorquer-only satellite, only 73% of trials in the Monte Carlo simulation resulted in less
than 10 degrees of planned final attitude error, and only 11% of trials resulted in less than one de-
gree of final attitude error. For many CubeSat missions, this higher level of error would necessitate
routinely replanning slews in order to guarantee acceptable levels of pointing precision. However, a
magnetorquer-only attitude control system could be appropriate for missions with flexible pointing
requirements, or with longer time to prepare for slews, execute them, and stabilize after.

Reduced Attitude Goal Slews

Compared to the simple 180◦ slews, the reduced attitude slews provide a less-restrictive case
that is also more realistic for CubeSats – the case where a satellite camera needs to be aligned
with a ground target, but the rotation around the camera axis or vector towards the ground target is
unconstrained. This approach has previously been considered for a variety of attitude control ques-
tions.35–39 By leaving one rotational dimension unconstrained, these slews correspond to a greater
number of feasible trajectories and should allow for easier convergence. This should result in lower
pointing error than the simple slews, particularly for the magnetorquer-only satellite, where the un-
deractuation about one axis is somewhat compensated for by the goal being reduced by one axis.

For the reduced attitude slews, the median final attitude error for the 1RW satellite is 2.55e-3 de-
grees, an order of magnitude lower than the median error of 0.041 degrees for the magnetorquer-
only satellite. Furthermore, as in the case of the simple 180◦ slews, the 1RW satellite achieved
less than 10 degrees of pointing error in all trials and sub-degree precision in 96% of trials. The
magnetorquer-only satellite achieved less than 10 degrees of pointing error in 75% of trials and less
than one degree of pointing error in 67% of trials.

While the 1RW case is still superior, the marked increase in MTQ-only performance is worth not-
ing. As will be addressed in other forthcoming publications from the authors, this reduced-attitude
pointing goal has substantial benefits for magnetorquer-only satellites. One of the most significant
issues with MTQ-only control is the underactuation, specifically, the lack of control about a single
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axis (aligned with the B field). By changing a fully-specified three-dimensional orientation goal to a
reduced-attitude single-axis pointing goal, the goal is reduced by a single axis as well, dramatically
increasing the set of rotation trajectories that can meet the goal (and making it easier for the solver
to find them). This is true even though the non-actuated axis (the B-field) does not usually align
with the reduced-attitude axis.

Multiple Targets

The multiple target trajectories provide a realistic but difficult case for CubeSats. Although these
slews only constrain one axis of the satellite (similar to the case discussed in Reduced Attitude
Goals), the multiple targets and shorter initial slew to the first target make these slews more difficult
to execute. Further, they capture a case that is currently rarely implemented on CubeSats and other
imaging spacecraft–the case where the satellite is switching between targets, trying to meet multiple
goals in a single orbit or even a single pass. (In this case, three goals in 500 seconds.) This could
allow for imaging a larger area in higher resolution, by taking multiple pictures back-to-back, or
meeting multiple goals in a single pass.

For the multiple target trajectories, the median final attitude error for the 1RW satellite is 0.029
degrees and the median error for the magnetorquer-only satellite is 0.22 degrees. The 1RW satellite
achieved less than 10 degrees of pointing error in 98% of cases for the first target and in 99% of
cases for the second and third target. It achieved less than one degree of pointing error in 37% of
cases for the first target, 56% of cases for the second target, and 91% of cases for the third target. In
comparison, the magnetorquer-only satellite achieved less than 10 degrees of pointing error in 13%
of cases for the first target, 83% of cases for the second target, and 91% of cases for the third target,
and achieved less than one degree of pointing error in 1% of cases for the first target, 0% of cases
for the second target, and 77% of cases for the third target.

Although the magnetorquer-only satellite performs well when pointing at the third target, it per-
forms quite poorly in pointing at the first two imaging targets, demonstrating that a magnetorquer-
only attitude control system is likely inappropriate for missions that require multiple target passes.
Furthermore, even in its “good convergence” case, the magnetorquer-only satellite demonstrates
attitude drift during the imaging periods, which could potentially smear images. The 1RW satel-
lite, however, generally achieves less than 10 degrees of pointing error, and in over a third of cases
achieves sub-degree precision even on the first pointing target, demonstrating that a 1RW system
with trajectory planning could execute multiple target trajectories, allowing for multiple images in
a single pass or imaging larger areas at a higher resolution.

Summary

Although the 1RW satellite shows clear gains in pointing performance, there are SWaP-C trade-
offs associated with adding a reaction wheel to a satellite. In this work, we simulate a reaction
wheel with the properties of a CubeSpace CubeWheel Small: a cost of $4700, a mass of 60g, di-
mensions of 23 x 31 x 26 mm, and a peak power consumption of 600 mW.40 These properties
are typical of a CubeSat-class commercial-off-the-shelf (COTS) reaction wheel. CubeSats with
extremely tight budgets for mass, volume, power, or cost may not be able to incorporate such a
component. Furthermore, integrating a reaction wheel into a CubeSat bus requires mechanical,
electrical, and software engineering work, adding to labor costs and the timeline of a project. As
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such, the magnetorquer-only attitude control system may be more appropriate for missions with
flexible pointing requirements and tight budgets or timelines.

CONCLUSIONS & FUTURE WORK

In this paper, we extend the trajectory planning approach for controlling magnetorquer-only satel-
lites pioneered by Gatherer and Manchester25 to demonstrate a novel technique for controlling small
satellites with three magnetorquers and one reaction wheel. We demonstrate clear improvements
in pointing performance from adding a single reaction wheel to an otherwise magnetorquer-only
system for three types of slews: simple 180◦ slews, reduced attitude goal slews, and multi-target
slews. 1RW systems have lower SWaP-C than systems with three reaction wheels and three mag-
netorquers but have excellent pointing performance, and as such present an attractive low-cost but
high-performance attitude control option for CubeSats. Additionally, the use of trajectory plan-
ning allows for intelligent application of the reaction wheel and constant management of angular
momentum and stiction avoidance, thus reducing the complexity of operations.

Future Work

BeaverCube-2 is a 3U satellite currently being developed by MIT STAR Lab and the Northrop
Grumman Corporation which will fly a 1RW system and use the trajectory planning approach out-
lined in this paper for attitude control. BeaverCube-2’s attitude determination and control system
(ADCS) also includes an estimated Kalman filter (EKF) with an extra term for tracking external
disturbance torques in order to estimate attitude, and an autonomous system onboard that calculates
attitude target trajectories to input into ALTRO given a pointing mode (e.g. nadir), respects angular
velocity limits, and avoids pointing cameras at the sun.

We have a number of improvements planned for the 1RW system on BeaverCube-2: we plan to
use a model-predictive controller (MPC) rather than an LQR controller to track a planned trajec-
tory, and we plan to implement additional cost functions beyond the one outlined in this paper for
different pointing modes. We also plan to add further speed optimizations to our extension of AL-
TRO in order to run it efficiently on BeaverCube-2’s flight hardware. These improvements will
allow the attitude control approach outlined in this paper to be operationalized on a CubeSat.

The trajectory optimization approach to attitude control for 1RW satellites outlined in this paper
also shows promise for desaturating reaction wheels on both 1RW systems and fully actuated con-
trol systems with three reaction wheels (3RW) while maintaining attitude. In the future, we plan to
demonstrate persistent pointing while driving stored angular momentum to low levels (not zero, due
to stiction) for both 1RW and 3RW systems using ALTRO.

We are currently refactoring, documenting, and testing our code in preparation for public release
and plan to open-source it in the near future in concert with a paper or tutorial that thoroughly
explains our implementation of ALTRO.
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